Concrete shells are fascinating structures. Even thin shells can span over large areas without requiring any columns. If a formdefining load case exists, the shape of the shell can be designed to ensure that the forces in the structure are transferred primarily by the membrane action, which leads to an even distribution of the stresses across the shell surface. Concrete as a material, characterized by high compressive strength and low tensile strength, can be used with a very high degree of utilization. A fundamental problem with building concrete shells is the high effort required for the production of the complicated formwork. A new construction principle called Pneumatic Forming of Hardened Concrete (PFHC) was invented at TU Wien and requires no traditional formwork or falsework during the construction process. An air cushion is used to lift a flat hardened concrete plate, and at the same time, additional post-tensioning cables are tightened to support the transformation of the flat plate into a doublecurved shell. One possible application of PFHC is the construction of shell bridges. Here, the shape of the shell has to be designed according to the acting loads and the boundary conditions of the construction method. is paper describes the partly conflicting factors involved in the form-finding process for practical application and the semiautomated workflow for optimizing the geometry of shell bridges. In the first optimization step, the final bridge shape is determined using a particle-spring system or alternatively a thrust-network approach. In the second optimization step, the shell is completed to form a full dome-this is called the reference geometry and is required for the new construction method. Finally, the reference geometry is discretized into singlecurved panels by using a mesh-based optimization framework. To frame the presented work, an overview of different experimental and computer-aided form-finding methods is given.
Introduction
Concrete has a high compressive strength and a low tensile strength. Unfortunately, however, in the design of most concrete structures, this fact is not considered. High tensile stresses, which are found in most structures and are caused by bending moments, shear forces, and torsional moments, lead to low utilization of the material and require a large amount of additional reinforcement. By contrast, in correctly designed concrete shells, the loads are mainly transferred by compressive forces. is leads to high utilization of the material and reduces the amount of required reinforcement.
Even so, few concrete shells are built today. e main reason for this is that the construction of the complicated formwork and falsework is material and labor intensive, and these auxiliary structures can only be used once in most of the cases.
It is possible to significantly reduce the effort required for the production of the complicated formwork and falsework using a pneumatic formwork. As described in [1] , many different pneumatic formwork methods exist. However, many of these systems are form-active, meaning that the shape of the pneumatic formwork mirrors the shape of the finished structure. is leads to process-related inaccuracies with respect to the reference geometry and the shell thickness, resulting in deviations from the planned structure. Because of these disadvantages, a new construction principle using a pneumatic air cushion in a different way was invented at TU Wien, as described in [2] [3] [4] [5] .
However, designing a concrete shell bridge under consideration of the relevant loads and the boundary conditions of the selected construction method is a very challenging task which will be addressed in this paper.
After an introduction to the topic, an overview of different form-finding methods for concrete shells is given in Section 2. In Section 3, the functionality of PFHC is described. e methodology used for applying the method to shell bridges is explained in Section 4. Section 5 deals with the different boundary conditions, and in Section 6, the complete workflow for the design process of shell bridges built with the PFHC method as well as the computational geometry optimization process is presented. Furthermore, a new approach for determining the reference geometry using an optimization algorithm based on a thrust network is proposed. e results and proposed further research are discussed in Section 7.
Overview of Form-Finding Methods for
Concrete Shells
Fundamentals for Form Finding of Concrete Shells.
As mentioned in [6] , a form-defining load case is crucial in determining the optimum shape of a structural element.
Assuming that a form-defining load case exists, concrete shells can be designed according to the acting loads. In a concrete shell used as deer overpass, for example, the formdefining load case consists of the structure self-weight and the earth loads. e main objective is to determine a layout and shape that minimizes the bending moments and maximizes the stiffness of the shell. is can generally be achieved by minimizing the strain energy S E [7] . S E can be defined as follows:
where σ is the stress and ε is the strain. Both stresses and strains are calculated for each point of the shell. Physical models or their simulation equivalents offer the opportunity to determine surfaces with minimal strain energy [8] . Soap-film models represent the equilibrium state with the lowest strain energy for shells with negative Gaussian curvature and hanging models for shells with a positive Gaussian curvature. To also achieve minimization of the displacement, a volumetric-displacement function can be defined according to [9] :
where d i is the displacement vector modulus at each point i, S i denotes the area of influence at point i, and Thick 1 is the average thickness of area S i . At the start of the optimization, it is crucial to determine an objective function. is could, for example, be the weight, the strain energy S E , or the stress leveling. e stress leveling S L can be defined as follows:
It is also possible and useful to implement further influencing factors with appropriate weighting within the optimization so as to achieve application-specific improvements in the structural behavior of the shell. Areas of improvements include the buckling load, the buckling behavior, and the resistance to unexpected asymmetric loads.
However, the requirements of different shell structures diverge, and the optimization criteria have to be adapted according to these requirements. us, it falls to the engineers carrying out the optimizations to define a customized optimum shape for the designed structure.
Experimental Form-Finding Methods.
Despite continuous improvements in numerical form-finding methods, the traditional experimental form-finding methods naturally form the fundamental basis for any improvements. For instance, Frei Otto used soap-film models to define the shapes for his hanging structures [10] . Antoni Gaudí defined the form of buildings by using hanging chain models, and Isler used hanging membranes to define the shape of shells [11] . By adding more weights to the physical models, their shapes can be adjusted to support additional external loads besides the self-weight of the shell. e determined form results in a uniform stress distribution in the undeformed structure. Isler also tested another experimental formfinding method which uses inflated membranes. As described in [6] , unfortunately, the internal pressure of the membranes generates a false load case, since there is no load acting opposite to the internal pressure after deflation of the membrane. us, the stresses in the fabricated shell deviate from the ideal equalized membrane state of stress due to selfweight, particularly in flat shells. Consequently, inflated membranes are not ideal as physical form-finding methods.
Computational Form-Finding Methods.
Since the 1960s, numerical form-finding methods have been improving continuously. Various approaches by different researchers have led to a large variety of solution strategies. e properties of the soap-film models, for example, were implied in methods such as the dynamic relaxation method [10] , the force density method [12] , the updated reference strategy (URS) [13] , and methods of modified linearization [14, 15] . Since a comparison between the different methods is difficult, Veenendaal and Block [16] give an overview of these structural form-finding methods and compare them by analyzing their advantages and disadvantages in detail.
To define the shape of a concrete shell with positive Gaussian curvature in which the relevant loads are transmitted predominantly by in-plane compressive forces, hanging models that are described by conventional nonlinear finite-element analysis of elastic bodies with additional boundary conditions can be used. A structure that is unable to resist bending or shear, such as an elastic net structure, serves as the logical basis.
In contrast to experimental form-finding methods, correctly programmed numerical methods allow for a more precise determination of the optimum shell shape and consideration of a wider range of boundary conditions. For example, numerical methods allow the implementation of infinitely variable vertical loads, such as self-weight, snow, vertical earth load, or live loads, as well as horizontal loads, such as horizontal earth pressure or water pressure. us, numerical methods represent a powerful further development of the existing experimental methods, and completely new solutions of higher complexity can be found.
The Pneumatic Forming of Hardened
Concrete Construction Principle e PFHC construction method represents a new way for building double-curved shells economically and in a laborand resource-efficient manner. As described in [2] [3] [4] , a flathardened concrete plate is transformed into a double-curved shell with the aid of an air cushion and post-tensioning tendons. During the transformation process, the plate is lifted and distorted by inflating the air cushion and tensioning the post-tensioning tendons as shown in Figure 1 . Pneumatic formworks can be divided into three different categories: (1) air-space pneumatic formworks, (2) classical pneumatic formworks, and (3) lifting pneumatic formworks [1] . Air-space pneumatic formworks are placed inside a conventional formwork to leave a space in the concrete structure. Classical pneumatic formworks are inflated, and the concrete-most commonly sprayed concrete-is applied subsequently. Lifting pneumatic formworks serve as lifting devices for transforming a structure by inflation. ey can be divided into two further subcategories: (1) form-active lifting pneumatic formworks and (2) active-bending lifting pneumatic formworks. In contrast to all other pneumatic formworks, active-bending lifting pneumatic formworks do not influence the final form of the structure, and imperfections due to the construction method are reduced. e presented construction method, PFHC, belongs to the category of active-bending lifting pneumatic formworks.
e membrane serves merely as a lifting device and only slightly influences the final form of the shell.
Erecting a shell from a flat plate induces large strains in the circumferential direction. To absorb these strains, wedge-shaped gaps are formed in the flat concrete plate, using a single-curved formwork. An air cushion with a only slightly smaller diameter to that of the initially flat concrete plate is used to lift the structure and transform it into a double-curved shell. A thicker plate edge prevents the whole plate from lifting off the ground. e flat plate consists of a middle part and several wedge-shaped elements which are monolithically connected to the middle part ( Figure 1 ). Pneumatic wedges are placed between the concrete elements to protect the pneumatic formwork in the area of the wedgeshaped gaps during the erection process. Using reinforcement with linear-elastic material behavior, a low modulus of elasticity (50,000-100,000 N/mm 2 ) and high ultimate strain (>2%), e.g., steel ropes or glass-fiberreinforced plastic rods, allow for large strains in the concrete members. Detailed results of different preliminary bending tests on shells made of 0.1 m and 0.12 m thick plates are described in [5] . As explained in [3] , the newly invented construction method could be used for a range of doublecurved surfaces with a positive Gaussian curvature. Because concrete is a brittle material, concrete plates cannot absorb large strains in the plane of the plates, but they can be bent uniaxially. Hence, developable surfaces have to be used. e most challenging aspect of the design of these surfaces is the production of nonoverlapping representations consisting of developable single-curved strips [17] .
Construction of a Shell Bridge Used as a Deer Overpass
As described in [3] [4] [5] , one possible application of the new construction method is the construction of shell bridges. A shell bridge with the plan dimensions (without considering the foundations) of 36.2 × 38.7 m, a final height of 8.1 m, and a thickness of 0.45 m, which was built with PFHC in Carinthia in Austria, is shown in Figure 2 . A thin (for example, 50-150 mm), initially flat reinforced concrete plate is transformed into a double-curved shell consisting of singlecurved panels. is structure serves as a kind of the lost formwork and will eventually be part of the final supporting structure. After the surface has been roughened in the relevant areas by high-pressure water jetting, the required reinforcement layers and additional concrete layers are placed onto the thin shell in the area of the final bridge, as shown in Figure 3 . Accompanying additional reinforcement is drilled into the foundations to create a connection between shell and foundation. In the next step, an additional, thicker concrete layer is applied in situ (sprayed concrete or a conventionally poured concrete top layer). Finally, the temporarily used tendons and the concrete are removed in the areas of the bridge portals, and the edge beam is cast. e removed parts represent fewer than 2% of the complete concrete mass of the bridge as the removed parts have only the small thickness of the inflated shell (without additional added concrete). Any small cracks caused by the transformation process are filled during the additional concrete layer is added, and the shell including the lost formwork and the additional concrete layer acts as a monolithic structure. If more than one layer of reinforcement is required and sprayed concrete is used, the additional concrete layer must be applied in more than one work step to ensure good bonding properties. Exemplarily all work steps for the construction of a shell bridge built with PFHC are shown in Figure 3 . In comparison to a conventional frame bridge, the Advances in Civil Engineering (1) (2) (3)
Figure 3: Work steps for the construction of the deer overpass: (1) manufacturing of the foundations; (2) production of the flat working surface out of concrete (the tension plate for the building condition); (3) concreting of the flat concrete plate for the transformation process (thickness 100 m, weight 546 t); (4) transformation of the initially flat hardened concrete plate to the designed shell; (5)- (8) production of the additional reinforced concrete in layers (total thickness 350 mm); (9) cutting out of the portals; (10) production of the edge beam; (11) production of the earth back filling [18] .
costs can be reduced by approximately 20% and the CO 2 equivalents can be reduced by approximately 40% [18] due to the fewer required reinforcement. By using the PFHC, the construction principle for the shell bridge shown in Figure 2 allows for a cost reduction of approximately 30% in comparison to the same shell bridge built with a conventional double-curved formwork and framework.
Boundary Conditions for Designing a Shell Bridge with the PFHC Construction Principle
e form-finding process for shell bridges built with PFHC is driven by various, sometimes conflicting, factors arising from three main categories of requirements. In order to fulfill the decisive ecological and economic requirements, the material consumption has to be minimized. However, certain minimum dimensions need to be maintained to ensure the usability of the bridge. Furthermore, various criteria have to be fulfilled to guarantee the feasibility of using PFHC. Figure 4 gives a detailed overview of the different requirements.
Geometry Optimization
Because of the range of existing requirements for a bridge and the production-process-related requirements, the optimization process has been split into four steps as shown in Figure 5 . First, the reference geometry of the final bridge is determined. Secondly, two surface patches are added to complete the reference geometry to form a full cupola.
irdly, the resulting geometry, consisting of a nonuniform rational B-spline surface (NURBS), undergoes a discretization process, resulting in semidiscrete segments that are subsequently unrolled. e optimization steps are described in detail in the following subsections.
Numerical Form Finding of the Reference Geometry by Using a Particle-Spring System (Step 1).
e shape of the reference geometry is mainly affected by three factors: the geometric optimization with respect to the acting loads, the minimization of the required construction material, and the procedural requirements from the PFHC construction method. us, a design tool based on a dynamic-equilibrium method [16] was developed to allow a precise and objectspecific determination of the optimized shape. e approach chosen in this paper was to develop a process in which an automated global optimization algorithm is combined with local modifiers that allow manual adjustments of the shell geometry, thereby fulfilling the procedural requirements.
is allows a fine adjustment of the final form by the designing engineers.
Form-Finding Method.
Within the environment of a dynamic particle-spring system, a base mesh [19] , resembling the footprint of the final shell, is constructed as shown in Figure 6 . Each nodal point of the mesh represents a particle. One or more forces transform the geometry of the elastic mesh into its final form.
e deformed mesh geometry is a result of the equilibrium state of the particles due to the acting forces. is state is calculated using a physics-based geometric modeling approach realized with Kangaroo [20] , the CAD environment Rhinoceros [21] , and its plugin Grasshopper [22] . Figure 7 shows the forces acting on one particle of the mesh.
Global Optimization Algorithm.
In the first step, Hooke's law spring function that simulates cohesion forces among adjacent nodal points is applied to the mesh (Figure 8) . ese forces cause the particles to act as one system. If a force is applied at one point, the whole system is affected.
e intensity of the attractive or repulsive force between each pair of nodes can be modified by the rest length of the spring, a factor that can be used to determine their optimum distance.
e nodal points that represent the base line of the bridge were kept fixed as shown in Figure 9 .
e optimum shape of a concrete shell structure has been found when the acting loads induce predominantly evenly distributed compressive normal forces. e defined constraints for this optimization were invariable load, equal thickness, and equal material properties across the entire shell. e approach of the algorithm is to simulate loads at each nodal point of the shell by applying forces acting in the opposite direction. Figure 10 shows the forces applied for shell self-weight, vertical earth load (orange), and horizontal earth pressure (blue). e optimum geometry, in which the structure experiences mainly compressive normal forces, can be found by combining the spring function that simulates cohesion with the forces acting in the opposite direction to the loads. Figure 11 shows the minimum structural gauge of the railway track that needs to be guaranteed. e distance between the foundations (a) has to harmonize with the rise of the foundation arc (b) and the vertical forces acting on the mesh representing the real vertical forces in the opposite direction (c). Choosing an extruded arc as the design surface (b � 0) would require a minimum amount of material. However, a foundation arc with b > 0 is necessary to reduce the horizontal forces by activating a biaxial load-bearing behavior, to meet the requirements of the soil conditions and to ensure better applicability of PFHC.
Minimal Enclosure of the Structural Gauge.

Low Curvature at the Edges.
As explained in [3] , a higher edge thickness of the flat initial concrete plate is required to support the bending process from a flat plate to the double-curved shell. A plate of constant thickness without any additional weight at its edge would not distort and instead be lifted as a whole. Due to the thicker edge, this outer part remains undistorted during the transformation.
is procedural requirement is taken into account with the help of a local modifier that determines the variation in the magnitude of the vertical forces and thus prevents the edges Advances in Civil Engineeringof the concrete plate from bending. An evaluation was carried out using a curvature graph as shown in Figure 12 .
Minimum Width at the Vertex of the Bridge.
e attracting forces between the particles are simulated using Hooke's spring function. As explained above, their intensity can be modi ed by changing the rest length. To adapt the width of the vertex to the regulatory requirements of the bridge and to improve the structural behavior, the cohesion forces in the transverse direction are decreased, while the forces in the longitudinal direction are kept constant.
e resulting deformation of the geometry is shown in Figures 13 and 14 .
Using numerical stress analysis, it was shown that the earth pressure, which varies according to location and is Advances in Civil Engineering di erent in the vertical and horizontal directions, still causes undesirable bending moments in the shell. To compensate that, an additional form adaption was performed according to the results of the nite-element calculations. e adaption is largest at the shell vertex and linearly decreases in the xand y-directions ( Figure 15 ). Due to these forces, the geometry is improved locally without violating any procedural requirements.
Generation of Input Data for Structural Analysis.
In order to optimize the interface with the structural analysis software, the data are prepared automatically by the customized geometry optimization tool. e entire surface of the bridge was subdivided into di erent areas, so variable earth pressure could be applied over the height of the niteelement model. e magnitude of the load applied to the shell depends on two factors: the nal terrain surface and the geometry of the shell. After completion of the form-nding process, the soil cover to be used for the subsequent calculations is determined automatically by the customized design tool. e tool measures the vertical distance from the shell to the nal terrain surface at several prede ned points (Figure 16 ). Subsequently, the distances are exported automatically and used to determine the vertical earth load and horizontal earth pressure, which are fed into the nite-element model for further static calculations.
Feedback Loop to Geometry.
Several potential improvements were determined from the structural analysis carried out with nite-element calculations. e feedback loop illustrated in Figure 17 allows for an improvement of the shell geometry till an optimum is achieved which equally ful lls the various geometric, structural, economic, and aesthetic requirements. 
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However, the geometry optimization is currently a semiautomated process. Using the ndings of the structural calculation, the local modi ers are employed to slightly deform and hence improve the geometry. e updated geometry is transferred to the structural software and reanalyzed. is procedure is repeated until an optimum result is achieved.
Static Calculations.
e basic static calculations within the geometry optimization are performed with the niteelement program RFEM [24] using a linear-elastic material model. As the concrete remains uncracked under full load, this assumption yields accurate results. To reduce the number of in uencing factors, a constant soil density is assumed for the optimization process. A wider range of load parameters is taken into consideration in the detailed static calculations that are carried out after the nal geometry has been determined. As explained above, the geometry is split into vertical layers of one meter height and loaded with the vertical earth load and the horizontal earth pressure using so-called load blocks. e mean earth load is determined for each layer using the data automatically produced during the optimization, as explained above.
e self-weight of the structure is automatically taken into consideration by the calculation program. e results of the static calculation are studied in detail and used as input data for the next optimization loop. After the nal geometry has been found, a detailed structural analysis with additional variations of unfavorable loads is carried out.
Form Finding of the Reference Geometry Based on a rust-Network Approach (Alternative Step 1). Recent research on compression-only structures by Block et al.
(e.g., [19, 25] ) has revealed numerous advantages of the socalled thrust-network approach, whose origin goes back to graphic statics. A mesh representing the desired shell must be found, with a compressive force acting on each mesh edge so that the resulting force in each mesh vertex balances the sum of loads acting on that vertex (self-weight, vertical earth loading, and horizontal earth pressure). In this project, a variant of the computational approach presented in [26] , Guided Projection, was implemented because of its high Advances in Civil Engineering computational efficiency, its ease of incorporating additional constraints, and the option of user interaction.
Overview.
In our implementation, a manipulatable coarse control mesh is presented to users for interactive design. After user manipulation of the coarse mesh, a quaddominant mesh is generated based on a subdivision rule. is quad-dominant mesh represents the thrust network. Based on the quad-dominant mesh, axial forces are initialized in a least-squares sense to achieve a force balance with fixed preoptimized geometry. With the initialized forces and geometry as a starting point, the vertices are repositioned so as to achieve force equilibrium in the structure, in which only compressive forces are allowed to occur. During the computation, the loads imposed on the nodes are evaluated before each iteration. Additional constraints are imposed to ensure that the boundary vertices glide on a prescribed curve. Regularizers such as energy balance and tangential energy balance, which ensure the smoothness of the overall structure, are used with decaying weights. It is important to note that while the force-balance conditions are imposed only on the final permanent structure, the energy balance is imposed on the whole concrete shell including the parts which are later removed.
After user manipulation of the controlled mesh, the Guided Projection algorithm initializes the proper geometry and forces and then projects this initial guess towards a nearby valid solution point using fairness energies. e overall computation time is less than one second in a singlethread implementation. is performance is acceptable for interactive design. In the following sections, a detailed description of this approach is presented. First, the notation and initialization of the geometry are discussed. Next, force initialization and force-balance conditions are introduced.
en, other conditions and regularizers are described. Finally, the iterative scheme of Guided Projection is presented, and its computational efficiency is discussed.
As discussed above, a structure is statically sound if and only if there exists a thrust network within the physical shell which balances the loads. In practice, a quad-dominant mesh is used as the thrust network. Based on an initial control polygon, a subdivision scheme is applied to create a quad-dominant subdivision surface. e used rule is similar to the Catmull-Clark algorithm, except that triangles at the boundaries are allowed. Two parts are distinguished in the geometry: the permanent component that is kept after construction and the temporary part that will be removed, even if it is necessary for the inflation of the pneumatic formwork. Figure 18 illustrates the relationship between the control mesh and the initial geometry before optimization. In the following paragraphs, (V, F, E), (V′, F ′ , E ′ ), and (V, F, E) denote the sets of vertices, faces, and edges of the permanent structure, the temporary structure, and the whole inflatable structure, respectively. By definition, Figure 19 , we visualize all the edges E of the initial geometry and only the faces of the permanent component F. To achieve structural soundness, the permanent structure (V, F, E) should be in static balance with the external loads without the part which is later removed. However, it is important for the inflation process that the entire dome, including the part to be removed, exhibits a smooth surface.
Force-Balance Conditions and Force Initialization.
In order to create a concrete dome structure that satisfies force-balance requirements, it is necessary to consider the force-balance conditions. In general, the initial geometry does not admit a valid solution of balanced axial forces. To create a thrust network with balanced axial forces, it is necessary to simultaneously solve for vertex locations and the axial forces. To represent the axial forces, a scalar w ij is introduced for each edge connecting vertex v i and vertex v j . e force density w ij is defined as the axial force divided by the edge length.
e concept of force density simplifies force-balance conditions to bilinear equations. A vertex v i is in force balance if and only if the resultant force of the adjacent edge cancels the load imposed on vertex v i :
As force-balance conditions are equations of vectors, there are three equations for each vertex. To initialize force densities, the vertex locations are kept fixed and force densities are solved in a least-squares sense. For form finding, the vertex locations v i are treated as variables and solved simultaneously. e external loads l i due to earth pressure and self-weight, which depend on the influence area of the vertex, are evaluated prior to each iteration.
Ensuring Compressive Forces
Only. An edge in compression is associated with a positive force-density term. To ensure that there are no tensile forces, all force-density terms must be nonnegative: w ij ≥ 0. is condition can be ensured simply by introducing an auxiliary variable u ij for every edge and requiring that w ij � u 2 ij throughout the computation. Figure 19 , all the boundary vertices zV of the shell must glide on a prescribed curve given by the initially subdivided surface. e z-coordinate of all the boundary vertices should be zero, i.e., the vertices should be located on the ground. e former requirement is ensured by
Boundary Alignment. As shown in
where vectors n i,1 and n i,2 are the two normal vectors, computed for an estimated tangent vector t i . As the tangent vector t i is in the horizontal plane, the requirement that all the vertices should remain on the ground is automatically guaranteed by these equations. Figure 20 shows the mesh (the thrust network) resulting from the optimization process.
Advances in Civil Engineering 9 6.2.5. Fairness. During the computation, the final concrete shell (V, F, E) needs to be a smooth overall structure. In the discrete setting, smoothness is expressed by mesh fairness. For the quad-dominant mesh, the following polyline fairness is required for each mesh polyline:
As the minimizers of such a requirement are polylines with points evenly distributed on a straight line, it would have the effect of oversmoothing and flattening. erefore, these fairness expressions are applied with stronger weights to the tangential components, thus not acting against the normal curvature:
where the two mutually orthogonal unit tangent vectors t 1 i and t 2 i are computed from the vertex normal n i prior to each iteration.
Iterative Procedure and Computational Efficiency.
Based on the formulation above, the system to be solved is a collection of quadratic equations that include the forcebalance conditions and the auxiliary conditions to ensure that all the axial forces are nonnegative. is collection of quadratic equations, φ i , is denoted in the general form as
where the vector, x, encodes all the variables to be determined. To solve this collection of quadratic equations, a Newton-like procedure is applied. Starting from the variables x n at the nth iteration, the quadratic equations are linearized by the Taylor expansion:
e linearized equations are solved in a least-squares sense together with the aesthetic regularizers, i.e., the equations expressing fairness mentioned above: 
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e last term, ‖δ(x − x n )‖ 2 , is a regularizer for numerical stability, preventing the solution from drifting away from a reasonable initial guess. In the presented implementation, a fixed number of ten iterations is used for form finding. e relative coefficient, ε h , set to 1.0, is for hard constraints (force-balance conditions, boundary alignment, and compressive force requirements).
e numerical stability coefficient, δ, is set to 0.0001. e relative coefficient ε s for fairness terms is set to 0.1, with a decaying coefficient of 0.9 repetitively multiplied for the first five iterations. After the first five iterations, ε s is set to zero. Afterwards, only the hard constraints are used in the computation; the fairness terms are left out. Adaptively changing the coefficient, ε s ensures that the force-balance conditions are strictly satisfied.
Regarding computational efficiency, the overall computation time is less than one second, even for a singlethreaded nonoptimized implementation.
e achieved force-balance condition is in the order of 10 −6 , measured by the average per-vertex ratio between the magnitude of force residual and external load. Further discussion about the computational efficiency of the iterative procedure, Guided Projection, can be found in [26] .
Completion of the Cupola (Step 2).
Up to this point, the focus of the process has been on the reference geometry of the final shape. However, a full cupola must be erected in this construction method. e completion of the reference geometry requires multiple steps. First, the two bottom edges are connected to form a closed curve which is as continuous as possible. Discontinuities must be avoided, as they would cause stress peaks in the thin concrete structure during the transformation process. Secondly, the longitudinal section curve of the bridge is extended to the intersection of the bottom-edge curve with the x-axis (Figure 21 ).
Using the generated curves, the existing reference geometry is completed to form a full cupola, which serves as the basis for the discretization process.
Discretization and Unrolling of the Reference Geometry (Steps 3 and 4).
e fact that each segment of the flat concrete plate can only be bent in one direction requires discretization of the double-curved cupola into a sequence of developable surface strips. As described in [28] , such a developable strip model (D-strip model) is the limit of a quad mesh with planar faces (PQ mesh) in a refinement procedure where only the rows (or the columns) of the mesh are refined.
e discretization process was realized using the software "EvoluteTools" [29] , a plugin for Rhinoceros.
First, a coarse mesh is modeled that forms a very rough discrete representation of the reference geometry and determines the number of developable segments. ese segments represent the basis of a grid in which the rows are refined gradually. After each refinement, the resulting mesh is optimized. EvoluteTools allows various optimization criteria to be set and weighted. In the presented case, the planarity of each mesh face, expressed through the shortest distance between face diagonals, is the main criterion. e implemented algorithm tries to minimize the sum of the squared distances. If all distances are zero, the strips are perfectly developable. In order to keep the optimized geometry as close as possible to the reference geometry, several other criteria are considered. e criterion "surface closeness" tries to keep the position of each mesh vertex as close to the reference geometry as possible, while the criterion "curve closeness" seeks to minimize the distance of the boundary vertices to the nearest boundary of the reference geometry. In most cases, the optimization criteria are in conflict with each other, which means that not all of them are fulfilled perfectly in the result. With the help of the assigned weights, the user is able to determine the importance of the individual criteria and thus influence the outcome of the optimization ( Figure 22 ). For details on the optimization, which is a nonlinear least-squares problem and solved with a properly regularized Gauss-Newton algorithm, refer to [27, 28] . e refinement process is concluded when the single strips have a Gaussian curvature of zero.
is allows for them to be unrolled into a planar representation without experiencing any distortion (step 4).
e resulting shape forms the basis for the simple, planar formwork ( Figure 23 ).
It should be pointed out that there is an infinite number of D-strip models which approximate a given surface. In our case in particular, with the surface to be approximated being convex, many of these D-strip models may be aesthetically pleasing solutions from a purely geometric perspective. Two promising options among the range of possible solutions are (i) an attempt could be made to achieve rulings (straight line segments) of the developable strips that are as orthogonal as possible to the strip boundaries.
is option yields a so-called principal strip model and can be achieved with EvoluteTools, choosing as additional constraints for the mesh optimization condition that mesh faces have a circumcircle or mesh vertices be conical [29] . e solution shown in Figure 22 is close to a principal strip model. Another interesting option would be to aim at obtaining unrolled strips whose boundaries are as straight as possible. In this case, the developable strips follow shortest paths (geodesics) on the cupola surface. is approach requires another term in the optimization and yields a so-called geodesic strip model [27] . Various geodesic strip models were computed for the data set of the investigated bridge, but they were not used due to an uneven distribution of strip widths or other features which may cause problems during the inflation process.
Discussion
e presented paper describes a practically oriented approach for the optimization of the shape of shell bridges built with PFHC. A hanging model simulated with a particle-spring system is used, as explained in Section 6.1. Additionally, a new optimization approach is presented in Section 6.2. e following boundary conditions were assumed as given: Advances in Civil Engineering(i) A constant thickness of the shell (ii) Uniform material properties over the entire shell surface (iii) A linear relationship between the vertical/horizontal earth pressure and the soil cover (iv) A smooth surface and continuous change of curvature (no ribs or folds) (v) No inherent rigidity of the dynamic particle system
Improvement of Material Utilization and Shell Stiffness (Buckling Load).
e assumptions listed above show further potential for improvement of the optimization process. For example, the thickness of the shell could be optimized to vary over the surface to minimize material where possible.
Unfortunately, various influencing factors lead to unintended bending moments within the already optimized structure. ese include (i) Unexpected asymmetric loads due to the shell selfweight (e.g., because of varying shell thicknesses) (ii) Unexpected asymmetric live loads (e.g., earth load) (iii) Shrinkage and creep Although mainly normal compressive forces occur in the designed structure, these unfavorable bending moments have to be managed by installing additional reinforcement. In another possible approach, the stiffness of the shell could be improved by structural optimization of the shape where necessary. e influence of initial geometric imperfections on the buckling load of single and double curvature concrete shells is explained in [30] . Basically, the thin shell must have a constant thickness, so that PFHC can be used, but the additional concrete layer can have almost any shape. For example, some kind of ribs could be formed. Another possibility would be to introduce graded concrete as explained in [31] to create concrete ribs or have concrete areas with higher or lower densities. is allows a reduction of the self-weight and requires less concrete. A detailed analysis of the buckling behavior of the application of the construction method for a shell bridge used as deer pass resulted in a buckling load factor of 22 (for the special project currently built in Austria). e buckling behavior for this special application can therefore be classified as uncritical. Reasons are the comparatively high thickness of 0.45 m and the favorable mode of action of the earth loads, since the resistance of the earth is increasing by a movement from the concrete support structure (passive earth pressure) and decreasing by a movement from the concrete away from the earth (active earth pressure). 
Increase of the Level of Automation within the Geometry
Optimization. As described in Section 6.1.7, the findings from the structural analysis are transferred manually to the modification process of the parameters of the geometric optimization. Further automatization of this process would simplify the optimization and accelerate the process significantly.
Linking the currently separated discretization process directly to the geometry optimization would be another possibility for further improvement.
e production of the formwork for the flat plate (wedges and edge formwork) requires very high accuracy, since the accuracy of the final shape is directly linked to the accuracy of the initially flat plate. To ensure a true-to-size production, it is recommended to use the computer numerically controlled mills. e generation of the output files can therefore also be included in the automated optimization process.
Conclusions
e presented paper describes the design of the shape concrete shell bridge constructed with the newly invented construction method Pneumatic Forming of Hardened Concrete (PFHC). e optimization process is performed in three steps: form finding of the reference geometry, completion of the cupola, and discretization and unrolling of the geometry.
e concept of reversed engineering allows the main task-the optimization process of the final form with respect to the acting loads and the construction method-to be tackled first. First, optimization by using a particle-spring system is described. Furthermore, a new optimization approach using a thrust-network approach is presented. e determined form is completed to form a cupola, discretized to a flat plate, and subsequently unrolled. During the optimization process, all requirements could be taken into account with a weighting in relation to their importance.
It is shown that the high complexity of a practical design process can be simplified and semiautomated by using specialized CAD and structural analysis software. e data of the free-form surface can be processed for further planning and allows exact production at the building site.
Numerical form-finding methods provide an efficient support tool to take into account many different physical properties within the structural optimization process. Even so, the final shape is influenced by a large number of different boundary conditions, leading in most of the cases to multiple solutions. us, currently, it depends on the engineer's evaluation and interpretation of the different influencing factors to determine an appropriate shape. In the presented project, close cooperation of all engineers involved, and an interdisciplinary way of thinking allowed for steady improvement of the optimization concept and led to a successful solution for the sophisticated task.
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